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CANONICAL CONNECTIONS AND ALGEBRAIC WANAS SOLITONS
OF THREE-DIMENSIONAL LORENTZIAN LIE GROUPS
YONG WANG
Abstract. In this paper, we compute the Wanas tensor associated to canonical con-
nections on three-dimensional Lorentzian Lie groups with some product structure. We
define algebraic Wanas solitons associated to canonical connections. We classify algebraic
Wanas solitons associated to canonical connections on three-dimensional Lorentzian Lie
groups with some product structure.
1. Introduction
The concept of the algebraic Ricci soliton was first introduced by Lauret in Riemann-
ian case in [5]. In [5], Lauret studied the relation between solvsolitons and Ricci solitons
on Riemannian manifolds. More precisely, he proved that any Riemannian solvsoliton
metric is a Ricci soliton. The concept of the algebraic Ricci soliton was extended to the
pseudo-Riemannian case in [1]. In [1], Batat and Onda studied algebraic Ricci solitons of
three-dimensional Lorentzian Lie groups. They got a complete classification of algebraic
Ricci solitons of three-dimensional Lorentzian Lie groups and they proved that, contrary
to the Riemannian case, Lorentzian Ricci solitons needed not be algebraic Ricci solitons.
In [4], Etayo and Santamaria studied some affine connections on manifolds with the prod-
uct structure or the complex structure. In particular, the canonical connection and the
Kobayashi-Nomizu connection for a product structure was studied. In [6], we introduced a
particular product structure on three-dimensional Lorentzian Lie groups and we computed
canonical connections and Kobayashi-Nomizu connections and their curvature on three-
dimensional Lorentzian Lie groups with this product structure. We defined algebraic Ricci
solitons associated to canonical connections and Kobayashi-Nomizu connections. We clas-
sified algebraic Ricci solitons associated to canonical connections and Kobayashi-Nomizu
connections on three-dimensional Lorentzian Lie groups with this product structure. In
[7], a Wanas tensor associated to a affine connection on a parallelizable manifold was in-
troduced. In fact, a Wanas tensor associated to a affine connection on any manifolds can
be defined. In this paper, we compute the Wanas tensor associated to canonical connec-
tions on three-dimensional Lorentzian Lie groups with the product structure in [6]. We
define algebraic Wanas solitons associated to canonical connections. We classify algebraic
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Wanas solitons associated to canonical connections on three-dimensional Lorentzian Lie
groups with the product structure in [6].
In Section 2, We classify algebraic Wanas solitons associated to canonical connections
on three-dimensional unimodular Lorentzian Lie groups with the product structure. In
Section 3, we classify algebraic Wanas solitons associated to canonical connections on
three-dimensional non-unimodular Lorentzian Lie groups with the product structure.
2. Algebraic Wanas solitons associated to canonical connections on
three-dimensional unimodular Lorentzian Lie groups
Three-dimensional Lorentzian Lie groups had been classified in [2, 3](see Theorem 2.1
and Theorem 2.2 in [1]). Throughout this paper, we shall by {Gi}i=1,··· ,7, denote the
connected, simply connected three-dimensional Lie group equipped with a left-invariant
Lorentzian metric g and having Lie algebra {g}i=1,··· ,7. Let ∇ be the Levi-Civita connec-
tion of Gi and R its curvature tensor, taken with the convention
(2.1) R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.
We define a product structure J on Gi as in [6] by
(2.2) Je1 = e1, Je2 = e2, Je3 = −e3,
then J2 = id and g(Jej, Jej) = g(ej, ej). By [4], we define the canonical connection as
follows:
(2.3) ∇0XY = ∇XY −
1
2
(∇XJ)JY,
We define its curvature tensor by
(2.4) R0(X, Y )Z = ∇0X∇
0
Y Z −∇
0
Y∇
0
XZ −∇
0
[X,Y ]Z.
The Ricci tensors of (Gi, g) associated to the canonical connection is defined by
(2.5) ρ0(X, Y ) = −g(R0(X, e1)Y, e1)− g(R
0(X, e2)Y, e2) + g(R
0(X, e3)Y, e3),
where {e1, e2, e3} is a pseudo-orthonormal basis, with e3 timelike. The Ricci operators
Ric0 is given by
(2.6) ρ0(X, Y ) = g(Ric0(X), Y ).
Let
(2.7) ρ˜0(X, Y ) =
ρ0(X, Y ) + ρ0(Y,X)
2
, ρ˜0(X, Y ) = g(R˜ic
0
(X), Y ).
Let the torsion tensor T 0 associated to ∇0 be
(2.8) T 0(X, Y ) = ∇0XY −∇
0
YX − [X, Y ].
We define the Wanas tensor W 0 associated to ∇0 by (see Theorem 4.1 in [7]):
(2.9) W 0(X, Y )(Z) := R0(X, Y )Z − A0(X, Y )Z, A0(X, Y )Z := T 0(T 0(X, Y ), Z).
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We define
(2.10) w0(X, Y ) = −g(W 0(X, e1)Y, e1)− g(W
0(X, e2)Y, e2) + g(W
0(X, e3)Y, e3),
and
(2.11) a0(X, Y ) = −g(A0(X, e1)Y, e1)− g(A
0(X, e2)Y, e2) + g(A
0(X, e3)Y, e3).
Then w0(X, Y ) = ρ0(X, Y )− a0(X, Y ). We define
(2.12) a0(X, Y ) = g(A
0
(X), Y ), w0(X, Y ) = g(Wan0(X), Y ),
(2.13) w˜0(X, Y ) =
w0(X, Y ) + w0(Y,X)
2
, w˜0(X, Y ) = g(W˜an
0
(X), Y ).
Then
(2.14) Wan0(X) = Ric0(X)− A
0
(X).
Definition 2.1. (Gi, g, J) is called the first (resp. second) kind algebraic Wanas soliton
associated to the connection ∇0 if it satisfies
(2.15) Wan0 = cId +D (resp. W˜an
0
= cId +D),
where c is a real number, and D is a derivation of g, that is
(2.16) D[X, Y ] = [DX, Y ] + [X,DY ] for X, Y ∈ g.
2.1 Algebraic Wanas solitons of G1
By (2.1) in [1], we have for G1, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G1 satisfies
(2.17) [e1, e2] = αe1 − βe3, [e1, e3] = −αe1 − βe2, [e2, e3] = βe1 + αe2 + αe3, α 6= 0.
By Lemma 2.4 in [6], we have
Lemma 2.2. The canonical connection ∇0 of (G1, J) is given by
∇0e1e1 = −αe2, ∇
0
e1
e2 = αe1, ∇
0
e1
e3 = 0,(2.18)
∇0e2e1 = 0, ∇
0
e2
e2 = 0, ∇
0
e2
e3 = 0,
∇0e3e1 =
β
2
e2, ∇
0
e3
e2 = −
β
2
e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 2.2, we have
T 0(e1, e2) = βe3, T
0(e1, e3) = αe1 +
β
2
e2, T
0(e2, e3) = −
β
2
e1 − αe2 − αe3.(2.19)
By (2.9) and (2.19), we have
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Lemma 2.3. The tensor A0 of the canonical connection ∇0 of (G1, J) is given by
A0(e1, e2)e1 = −αβe1 −
β2
2
e2, A
0(e1, e2)e2 =
β2
2
e1 + αβe2 + αβe3, A
0(e1, e2)e3 = 0,
(2.20)
A0(e1, e3)e1 = −
β2
2
e3, A
0(e1, e3)e2 = αβe3, A
0(e1, e3)e3 = (α
2 −
β2
4
)e1 −
αβ
2
e3,
A0(e2, e3)e1 = α
2e1 +
αβ
2
e2 + αβe3, A
0(e2, e3)e2 = −
αβ
2
e1 − α
2e2 − (α
2 +
β2
2
)e3,
A0(e2, e3)e3 = (α
2 −
β2
4
)e2 + α
2e3.
By Lemma 2.3, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 β2 −2αβ −αβ2−2αβ α2 + β2 α2
αβ
2
−α2 −2α2 + β
2
2



 e1e2
e3

 .(2.21)
By (2.22) in [6], we have
Ric0

 e1e2
e3

 =


−
(
α2 + β
2
2
)
0 0
0 −
(
α2 + β
2
2
)
0
αβ
2
α2 0



 e1e2
e3

 .(2.22)
By (2.14), we have
Wan0

 e1e2
e3

 =

 −(α2 + 32β2) 2αβ αβ22αβ −(2α2 + 3
2
β2) −α2
0 2α2 2α2 − β
2
2



 e1e2
e3

 .(2.23)
If (G1, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so 

De1 = −(α
2 + 3
2
β2 + c)e1 + 2αβe2 +
αβ
2
e3,
De2 = 2αβe1 − (2α
2 + 3
2
β2 + c)e2 − α
2e3
De3 = 2α
2e2 + (2α
2 − β
2
2
− c)e3.
(2.24)
By (2.16) and (2.24), we can get α = 0 which is a contradiction with (2.17). So we have
Theorem 2.4. (G1, g, J) is not the first kind algebraic Wanas soliton associated to the
connection ∇0.
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By (2.12), (2.13) and (2.23), we get
W˜an
0

 e1e2
e3

 =

 −(α2 + 32β2) 2αβ αβ42αβ −(2α2 + 3
2
β2) −3
2
α2
−αβ
4
3
2
α2 2α2 − β
2
2



 e1e2
e3

 .(2.25)
If (G1, g, J) is the second kind algebraic Wanas soliton associated to the connection ∇
0,
then W˜an
0
= cId +D, so


De1 = −(α
2 + 3
2
β2 + c)e1 + 2αβe2 +
αβ
4
e3,
De2 = 2αβe1 − (2α
2 + 3
2
β2 + c)e2 −
3
2
α2e3
De3 = −
αβ
4
e1 +
3
2
α2e2 + (2α
2 − β
2
2
− c)e3.
(2.26)
By (2.16) and (2.26), similar to Theorem 2.4, Then
Theorem 2.5. (G1, g, J) is not the second kind algebraic Wanas soliton associated to the
connection ∇0.
2.2 Algebraic Wanas solitons of G2
By (2.2) in [1], we have for G2, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G2 satisfies
(2.27) [e1, e2] = γe2 − βe3, [e1, e3] = −βe2 − γe3, [e2, e3] = αe1, γ 6= 0.
By Lemma 2.14 in [6], we have
Lemma 2.6. The canonical connection ∇0 of (G2, J) is given by
∇0e1e1 = 0, ∇
0
e1
e2 = 0, ∇
0
e1
e3 = 0,(2.28)
∇0e2e1 = −γe2, ∇
0
e2
e2 = γe1, ∇
0
e2
e3 = 0,
∇0e3e1 =
α
2
e2, ∇
0
e3
e2 = −
α
2
e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 2.6, we have
T 0(e1, e2) = βe3, T
0(e1, e3) = (−
α
2
+ β)e2 + γe3, T
0(e2, e3) = −
α
2
e1.(2.29)
By (2.9) and (2.29), we have
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Lemma 2.7. The tensor A0 of the canonical connection ∇0 of (G2, J) is given by
A0(e1, e2)e1 = (
αβ
2
− β2)e2 − βγe3, A
0(e1, e2)e2 =
αβ
2
e1, A
0(e1, e2)e3 = 0,(2.30)
A0(e1, e3)e1 = (
αγ
2
− βγ)e2 + (
αβ
2
− β2 − γ2)e3, A
0(e1, e3)e2 =
αγ
2
e1
A0(e1, e3)e3 = (
α2
4
−
αβ
2
)e1, A
0(e2, e3)e1 = 0, A
0(e2, e3)e2 = −
αβ
2
e3,
A0(e2, e3)e3 = (
α2
4
−
αβ
2
)e2 −
αγ
2
e3.
By Lemma 2.7, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 −αβ + 2β2 + γ2 0 00 αβ −αγ
2
0 αγ
2
αβ − α
2
2



 e1e2
e3

 .(2.31)
By (2.41) in [6], we have
Ric0

 e1e2
e3

 =

 −
(
γ2 + αβ
2
)
0 0
0 −
(
γ2 + αβ
2
)
0
0 βγ − αγ
2
0



 e1e2
e3

 .(2.32)
By (2.14), we have
Wan0

 e1e2
e3

 =

 αβ2 − 2β2 − 2γ2 0 00 −(γ2 + 3
2
αβ) αγ
2
0 βγ − αγ α
2
2
− αβ



 e1e2
e3

 .(2.33)
If (G2, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so 

De1 = (
αβ
2
− 2β2 − 2γ2 − c)e1,
De2 = −(γ
2 + 3
2
αβ + c)e2 +
αγ
2
e3,
De3 = (βγ − αγ)e2 + (
α2
2
− αβ − c)e3
(2.34)
Then we have
Theorem 2.8. (G2, g, J) is the first kind algebraic Wanas soliton associated to the con-
nection ∇0 if and only if α = β = 0. 2γ2 + c = 0, γ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 γ2 0
0 0 2γ2



 e1e2
e3

 .(2.35)
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Proof. By (2.16) and (2.34), we get

αβ + β2 + 2γ2 + c = 0,
β(α
2
2
+ 2β2 + 3γ2 + c)− αγ2 = 0,
β(2β2 + 3γ2 + c− αβ − α
2
2
)− 2αγ2 = 0,
α(α
2
2
+ 2β2 + γ2 − c− 3αβ) = 0.
(2.36)
Using the second equation and the third equation in (2.36), we have
(2.37) α(γ2 + β2 + αβ) = 0.
Using the first equation and the fourth equation in (2.36), we have
(2.38) α(
α2
2
+ 3β2 + 3γ2 − 2αβ) = 0.
If α 6= 0, by (2.37) and (2.38), we get α = 10β. Again by (2.37), we get γ2 + 11β2 = 0,
then γ = β = 0. This is a contradiction. So α = 0, by the first equation and the sencond
equation in (2.36), we have
(2.39) β2 + 2γ2 + c = 0, β(2β2 + 3γ2 + c) = 0.
So we get β = 0 and 2γ2 + c = 0 by γ 6= 0. 
By (2.12), (2.13) and (2.33), we get
W˜an
0

 e1e2
e3

 =

 αβ2 − 2β2 − 2γ2 0 00 −(γ2 + 3
2
αβ) 3αγ
4
− βγ
2
0 βγ
2
− 3αγ
4
α2
2
− αβ



 e1e2
e3

 .(2.40)
If (G2, g, J) is the second kind algebraic Wanas soliton associated to the connection ∇
0,
then W˜an
0
= cId +D, so

De1 = (
αβ
2
− 2β2 − 2γ2 − c)e1,
De2 = −(γ
2 + 3
2
αβ + c)e2 + (
3αγ
4
− βγ
2
)e3,
De3 = (
βγ
2
− 3αγ
4
)e2 + (
α2
2
− αβ − c)e3.
(2.41)
By (2.16) and (2.41), we get

αβ + β2 + 2γ2 + c = 0,
β(α
2
2
+ 2β2 + 3γ2 + c)− γ2(3
2
α− β) = 0,
β(2β2 + 2γ2 + c− αβ − α
2
2
)− 3
2
αγ2 = 0,
α(α
2
2
+ 2β2 + γ2 − c− 3αβ) = 0.
(2.42)
Similar to Theorem 2.8, Then
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Theorem 2.9. (G2, g, J) is the second kind algebraic Wanas soliton associated to the
connection ∇0 if and only if α = β = 0. 2γ2 + c = 0, γ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 γ2 0
0 0 2γ2



 e1e2
e3

 .(2.43)
2.3 Algebraic Wanas solitons of G3
By (2.3) in [1], we have for G3, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G3 satisfies
(2.44) [e1, e2] = −γe3, [e1, e3] = −βe2, [e2, e3] = αe1.
Let
(2.45) a1 =
1
2
(α− β − γ), a2 =
1
2
(α− β + γ), a3 =
1
2
(α + β − γ).
By Lemma 2.24 in [6], we have
Lemma 2.10. The canonical connection ∇0 of (G3, J) is given by
∇0e1e1 = 0, ∇
0
e1
e2 = 0, ∇
0
e1
e3 = 0,(2.46)
∇0e2e1 = 0, ∇
0
e2
e2 = 0, ∇
0
e2
e3 = 0,
∇0e3e1 = a3e2, ∇
0
e3
e2 = −a3e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 2.10, we have
T 0(e1, e2) = γe3, T
0(e1, e3) = −a1e2, T
0(e2, e3) = −a2e1.(2.47)
By (2.9) and (2.47), we have
Lemma 2.11. The tensor A0 of the canonical connection ∇0 of (G3, J) is given by
A0(e1, e2)e1 = a1γe2, A
0(e1, e2)e2 = a2γe1, A
0(e1, e2)e3 = 0,(2.48)
A0(e1, e3)e1 = a1γe3, A
0(e1, e3)e2 = 0, A
0(e1, e3)e3 = a1a2e1,
A0(e2, e3)e1 = 0, A
0(e2, e3)e2 = −a2γe3, A
0(e2, e3)e3 = a1a2e2.
By Lemma 211, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 −2a1γ 0 00 2a2γ 0
0 0 −2a1a2



 e1e2
e3

 .(2.49)
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By (2.64) in [6], we have
Ric0

 e1e2
e3

 =

 −γa3 0 00 −γa3 0
0 0 0



 e1e2
e3

 .(2.50)
By (2.14), we have
Wan0

 e1e2
e3

 =

 −γa3 + 2a1γ 0 00 −γa3 − 2a2γ 0
0 0 2a1a2



 e1e2
e3

 .(2.51)
If (G3, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so 

De1 = (−γa3 + 2a1γ − c)e1,
De2 = −(γa3 + 2a2γ + c)e2,
De3 = (2a1a2 − c)e3
(2.52)
By (2.16) and (2.52), we have

γ(−2γa3 + 2a1γ − 2a2γ − c− 2a1a2) = 0,
β(2a1γ + 2a2γ + 2a1a2 − c) = 0,
α(2a1γ + 2a2γ − 2a1a2 + c) = 0.
(2.53)
Solving (2.53), we have
Theorem 2.12. (G3, g, J) is the first kind algebraic Wanas soliton associated to the
connection ∇0 if and only if
(i)α 6= 0, β 6= 0, γ = 0, c = 1
2
(α− β)2. In particular,
D

 e1e2
e3

 =

 −12(α− β)2 0 00 −1
2
(α− β)2 0
0 0 0



 e1e2
e3

 .
(ii)α = β = γ = 0. In particular,
D

 e1e2
e3

 =

 −c 0 00 −c 0
0 0 −c



 e1e2
e3

 .
(iii) α = β = 0, γ 6= 0, c = −1
2
γ2. In particular,
D

 e1e2
e3

 =

 0 0 00 0 0
0 0 0



 e1e2
e3

 .
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(iv) α = γ = 0, β 6= 0, c = 1
2
β2. In particular,
D

 e1e2
e3

 =

 −12β2 0 00 −1
2
β2 0
0 0 0



 e1e2
e3

 .
(v) α = 0, β 6= 0, γ 6= 0, β = γ, c = −2β2. In particular,
D

 e1e2
e3

 =

 0 0 00 2β2 0
0 0 2β2



 e1e2
e3

 .
(vi) α 6= 0, β = γ = 0, c = 1
2
α2. In particular,
D

 e1e2
e3

 =

 −12α2 0 00 −1
2
α2 0
0 0 0



 e1e2
e3

 .
(vii) α 6= 0, β = 0, γ 6= 0, α = γ, c = −2α2. In particular,
D

 e1e2
e3

 =

 2α2 0 00 0 0
0 0 2α2



 e1e2
e3

 .
By (2.51), we have W˜an = Wan. So (G3, g, J) is the first kind algebraic Wanas soliton
associated to the connection ∇0 if and only if (G3, g, J) is the second kind algebraic Wanas
soliton associated to the connection ∇0.
2.4 Algebraic Wanas solitons of G4
By (2.4) in [1], we have for G4, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G4 satisfies
[e1, e2] = −e2 + (2η − β)e3, η = 1 or− 1, [e1, e3] = −βe2 + e3, [e2, e3] = αe1.(2.54)
Let
(2.55) b1 =
α
2
+ η − β, b2 =
α
2
− η, b3 =
α
2
+ η.
By Lemma 2.32 in [6], we have
Lemma 2.13. The canonical connection ∇0 of (G4, J) is given by
∇0e1e1 = 0, ∇
0
e1
e2 = 0, ∇
0
e1
e3 = 0,(2.56)
∇0e2e1 = e2, ∇
0
e2
e2 = −e1, ∇
0
e2
e3 = 0,
∇0e3e1 = b3e2, ∇
0
e3
e2 = −b3e1, ∇
0
e3
e3 = 0.
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By (2.8) and Lemma 2.13, we have
T 0(e1, e2) = (β − 2η)e3, T
0(e1, e3) = −b1e2 − e3, T
0(e2, e3) = −b2e1.(2.57)
By (2.9) and (2.57), we have
Lemma 2.14. The tensor A0 of the canonical connection ∇0 of (G4, J) is given by
A0(e1, e2)e1 = (2η − β)(−b1e2 − e3), A
0(e1, e2)e2 = (β − 2η)b2e1, A
0(e1, e2)e3 = 0,
(2.58)
A0(e1, e3)e1 = −b1e2 + [b1(β − 2η)− 1]e3, A
0(e1, e3)e2 = −b2e1
A0(e1, e3)e3 = b1b2e1, A
0(e2, e3)e1 = 0, A
0(e2, e3)e2 = b2(2η − β)e3,
A0(e2, e3)e3 = b2(b1e2 + e3).
By Lemma 2.14, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 2b1(2η − β) + 1 0 00 2b2(β − 2η) b2
0 −b2 −2b1b2



 e1e2
e3

 .(2.59)
By (2.78) in [6], we have
Ric0

 e1e2
e3

 =

 b3(2η − β)− 1 0 00 b3(2η − β)− 1 0
0 b3 − β 0



 e1e2
e3

 .(2.60)
By (2.14), we have
Wan0

 e1e2
e3

 =

 (b3 − 2b1)(2η − β)− 2 0 00 (b3 + 2b2)(2η − β)− 1 −b2
0 b3 + b2 − β 2b1b2



 e1e2
e3

 .
(2.61)
If (G4, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so

De1 = [(b3 − 2b1)(2η − β)− 2− c]e1,
De2 = [(b3 + 2b2)(2η − β)− 1− c]e2 − b2e3,
De3 = (b3 + b2 − β)e2 + (2b1b2 − c)e3.
(2.62)
Then we have
Theorem 2.15. (G4, g, J) is the first kind algebraic Wanas soliton associated to the
connection ∇0 if and only if
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(i) α = β = 0, c = −4. In particular,
D

 e1e2
e3

 =

 0 0 00 1 η
0 0 2



 e1e2
e3

 .
(ii) α = 0, β = η, c = −1. In particular,
D

 e1e2
e3

 =

 0 0 00 −1 η
0 −η 1



 e1e2
e3

 .
Proof. By (2.16) and (2.62), we get

(2η − β)(−2b1 + b2 + 2b3 − β)− c− 2− b2β = 0,
(2η − β)[(2b2 + 2b3 − 2b1)(2η − β)− 3− c− 2b1b2]− 2b2 = 0,
β[(2b1 + 2b2)(2η − β) + 1 + c− 2b1b2]− 2(b3 + b2 − β) = 0,
α[(2b1 + 2b2)(2η − β) + 1− c+ 2b1b2] = 0.
(2.63)
Case (i) α = 0. Then b1 = η − β, b2 = −η, b3 = η. By (2.63), we get

(2η − β)(β − η)− c− 2 + ηβ = 0,
(2η − β)[−2(η − β)2 − 3− c] + 2η = 0,
β[−2β(2η − β) + 3 + c+ 2(η − β)η] = 0.
(2.64)
By the first and third equations in (2.64), we can get β(β− η)2 = 0, then β = 0 or β = η.
When β = 0, we get c = −4 by (2.64) which is (i) in Theorem 2.15. When β = η, we get
c = −1 by (2.64) which is (ii) in Theorem 2.15.
Case (ii) α 6= 0. By the fourth equation in (2.63), we get
(2.65) (2b1 + 2b2)(2η − β) + 1 = c− 2b1b2.
By the third equation in (2.63) and (2.65), we get
(2.66) α = β +
β
1− 2β(2η − β)
.
The second equation in (2.63)− 2(2η − β)× the first equation in (2.63), then we get
(2.67) (2η − β)[(2η − β)(4b1 + 2b2 − 2b3 + 2β) + 2 + 2b2β]− 2b2 = 0.
Then
(2.68) α[2(2η − β)2 + β(2η − β)− 1] = 2β(2η − β)2 + 2ηβ(2η − β)− 2(2η − β)− 2η.
By (2.66) and (2.68), we get
(2.69) β5 − 6ηβ4 + 15β3 − 19ηβ2 + 12β − 3η = 0.
When η = 1, we get (β − 1)3(β2 − 3β + 3) = 0. Then β = 1. By (2.66), α = 0. This is a
contradiction. When η = −1, we get (β +1)3(β2 +3β +3) = 0. Then β = −1. By (2.66),
α = 0. This is a contradiction. So in this case, we have no solutions. 
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By (2.12), (2.13) and (2.61), we get
W˜an
0

 e1e2
e3

 ==

 (b3 − 2b1)(2η − β)− 2 0 00 (b3 + 2b2)(2η − β)− 1 − b3+2b2−β2
0 b3+2b2−β
2
2b1b2



 e1e2
e3

 .
(2.70)
If (G4, g, J) is the second kind algebraic Wanas soliton associated to the connection ∇
0,
then W˜an
0
= cId +D, so

De1 = [(b3 − 2b1)(2η − β)− 2− c]e1,
De2 = [(b3 + 2b2)(2η − β)− 1− c]e2 −
b3+2b2−β
2
e3,
De3 =
b3+2b2−β
2
e2 + (2b1b2 − c)e3.
(2.71)
By (2.16) and (2.71), we get

(2η − β)(−2b1 + b2 +
3
2
b3 −
β
2
)− c− 2− b3+2b2−β
2
β = 0,
(2η − β)[(2b2 + 2b3 − 2b1)(2η − β)− 3− c− 2b1b2]− (b3 + 2b2 − β) = 0,
β[(2b1 + 2b2)(2η − β) + 1 + c− 2b1b2]− (b3 + 2b2 − β) = 0,
α[(2b1 + 2b2)(2η − β) + 1− c+ 2b1b2] = 0.
(2.72)
Solving (2.72), similar to Theorem 2.15, we get
Theorem 2.16. (G4, g, J) is the second kind algebraic Wanas soliton associated to the
connection ∇0 if and only if
(i) α = 0, β = η, c = −1. In particular,
D

 e1e2
e3

 =

 0 0 00 −1 η
0 −η 1



 e1e2
e3

 .
(ii) α = 0, β = −η, c = −11. In particular,
D

 e1e2
e3

 =

 0 0 00 7 0
0 0 7



 e1e2
e3

 .
3. Algebraic Wanas solitons associated to canonical connections on
three-dimensional non-unimodular Lorentzian Lie groups
3.1 Algebraic Wanas solitons of G5
By (2.5) in [1], we have for G5, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G5 satisfies
(3.1) [e1, e2] = 0, [e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, α + δ 6= 0, αγ + βδ = 0.
By Lemma 3.3 in [6], we have
14 Wang
Lemma 3.1. The canonical connection ∇0 of (G5, J) is given by
∇0e1e1 = 0, ∇
0
e1
e2 = 0, ∇
0
e1
e3 = 0,(3.2)
∇0e2e1 = 0, ∇
0
e2
e2 = 0, ∇
0
e2
e3 = 0,
∇0e3e1 = −
β − γ
2
e2, ∇
0
e3
e2 =
β − γ
2
e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 3.1, we have
T 0(e1, e2) = 0, T
0(e1, e3) = −αe1 −
β + γ
2
e2, T
0(e2, e3) = −
β + γ
2
e1 − δe2.(3.3)
By (2.9) and (3.3), we have
Lemma 3.2. The tensor A0 of the canonical connection ∇0 of (G5, J) is given by
A0(e1, e2)e1 = 0, A
0(e1, e2)e2 = 0, A
0(e1, e2)e3 = 0,
(3.4)
A0(e1, e3)e1 = 0, A
0(e1, e3)e2 = 0, A
0(e1, e3)e3 = [α
2 +
(β + γ)2
4
]e1 +
β + γ
2
(α+ δ)e2,
A0(e2, e3)e1 = 0, A
0(e2, e3)e2 = 0, A
0(e2, e3)e3 =
β + γ
2
(α + δ)e1 + [
(β + γ)2
4
+ δ2]e2.
By Lemma 3.2, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 0 0 00 0 0
0 0 −[α2 + (β+γ)
2
2
+ δ2]



 e1e2
e3

 .(3.5)
By (3.5) in [6], we have
Ric0

 e1e2
e3

 =

 0 0 00 0 0
0 0 0



 e1e2
e3

 .(3.6)
By (2.14), we have
Wan0

 e1e2
e3

 =

 0 0 00 0 0
0 0 [α2 + (β+γ)
2
2
+ δ2]



 e1e2
e3

 .(3.7)
If (G5, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so 

De1 = −ce1,
De2 = −ce2,
De3 = [α
2 + (β+γ)
2
2
+ δ2 − c]e3.
(3.8)
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By (2.16) and (3.8), we get 

α[α2 + (β+γ)
2
2
+ δ2 − c] = 0,
β[α2 + (β+γ)
2
2
+ δ2 − c] = 0,
γ[α2 + (β+γ)
2
2
+ δ2 − c] = 0,
δ[α2 + (β+γ)
2
2
+ δ2 − c] = 0,
(3.9)
Solving (3.9), we get
Theorem 3.3. (G5, g, J) is the first kind algebraic Wanas soliton associated to the con-
nection ∇0 if and only if α2 + (β+γ)
2
2
+ δ2 = c. In particular,
D

 e1e2
e3

 =

 −[α2 + (β+γ)
2
2
+ δ2] 0 0
0 −[α2 + (β+γ)
2
2
+ δ2] 0
0 0 0



 e1e2
e3

 .(3.10)
By (3.7), we have W˜an = Wan for G5. So (G5, g, J) is the first kind algebraic Wanas
soliton associated to the connection ∇0 if and only if (G5, g, J) is the second kind algebraic
Wanas soliton associated to the connection ∇0.
3.2 Algebraic Wanas solitons of G6
By (2.6) in [1], we have for G6, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G6 satisfies
(3.11) [e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3, [e2, e3] = 0, α + δ 6= 0 αγ − βδ = 0.
By Lemma 3.11 in [6], we have
Lemma 3.4. The canonical connection ∇0 of (G6, J) is given by
∇0e1e1 = 0, ∇
0
e1
e2 = 0, ∇
0
e1
e3 = 0,(3.12)
∇0e2e1 = −αe2, ∇
0
e2
e2 = αe1, ∇
0
e2
e3 = 0,
∇0e3e1 =
β − γ
2
e2, ∇
0
e3
e2 = −
β − γ
2
e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 3.4, we have
T 0(e1, e2) = −βe3, T
0(e1, e3) = −
β + γ
2
e2 − δe3, T
0(e2, e3) =
β − γ
2
e1.(3.13)
By (2.9) and (3.13), we have
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Lemma 3.5. The tensor A0 of the canonical connection ∇0 of (G6, J) is given by
A0(e1, e2)e1 = −
β(β + γ)
2
e2 − βδe3, A
0(e1, e2)e2 =
β(β − γ)
2
e1, A
0(e1, e2)e3 = 0,
(3.14)
A0(e1, e3)e1 = −
δ(β + γ)
2
e2 − [
β(β + γ)
2
+ δ2]e3, A
0(e1, e3)e2 =
δ(β − γ)
2
e1
A0(e1, e3)e3 =
γ2 − β2
4
e1, A
0(e2, e3)e1 = 0, A
0(e2, e3)e2 = −
β(β − γ)
2
e3,
A0(e2, e3)e3 =
γ2 − β2
4
e2 −
δ(β − γ)
2
e3.
By Lemma 3.5, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 β2 + βγ + δ2 0 00 β(β − γ) δ(γ−β)
2
0 δ(β−γ)
2
β2−γ2
2



 e1e2
e3

 .(3.15)
By (3.15) in [6], we have
Ric0

 e1e2
e3

 =

 12β(β − γ)− α2 0 00 1
2
β(β − γ)− α2 0
0 −γα + 1
2
δ(β − γ) 0



 e1e2
e3

 .(3.16)
By (2.14), we have
Wan0

 e1e2
e3

 =

 −(α
2 + β
2
2
+ δ2 + 3
2
βγ) 0 0
0 −[1
2
β(β − γ) + α2] δ(β−γ)
2
0 −γα γ
2
−β2
2



 e1e2
e3

 .
(3.17)
If (G6, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so 

De1 = −(α
2 + β
2
2
+ δ2 + 3
2
βγ + c)e1,
De2 = −[
1
2
β(β − γ) + α2 + c]e2 +
δ(β−γ)
2
e3,
De3 = −γαe2 + (
γ2−β2
2
− c)e3.
(3.18)
Then we have
Theorem 3.6. (G6, g, J) is the first kind algebraic Wanas soliton associated to the con-
nection ∇0 if and only if
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(i)α 6= 0. β = γ = δ = 0, α2 + c = 0. In particular,
D

 e1e2
e3

 =

 0 0 00 0 0
0 0 α2



 e1e2
e3

 .
(ii)β = γ = 0, α2 + δ2 + c = 0, δ 6= 0, α+ δ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 δ2 0
0 0 α2 + δ2



 e1e2
e3

 .
(iii) β 6= 0, δ 6= 0, γ = −β, δ = −α, α2 = β2, α2 + c = 0. In particular,
D

 e1e2
e3

 =

 0 0 00 −β2 −αβ
0 αβ α2



 e1e2
e3

 .
Proof. By (2.16) and (3.18), we get

α(α2 + β
2
2
+ δ2 + 3
2
βγ + c)− αβγ − 1
2
γδ(β − γ) = 0,
β(2α2 + β
2
2
+ γ
2
2
+ δ2 + βγ + c) + 1
2
δ(β − γ)(α− δ) = 0,
γ(β
2
2
− γ
2
2
+ δ2 + 2βγ + c) + (α− δ)γα = 0,
δ(α2 + β
2
2
+ δ2 + 3
2
βγ + c) + αβγ + 1
2
γδ(β − γ) = 0.
(3.19)
Using the first equation and the fourth equation in (3.19) and α + δ 6= 0, we have{
α2 + β
2
2
+ δ2 + 3
2
βγ + c = 0,
αβγ + 1
2
γδ(β − γ) = 0,
(3.20)
By the second equation in (3.20) and αγ − βδ = 0, we get
(3.21) δ(2β − γ)(β + γ) = 0.
Case 1) δ = 0. By αγ − βδ = 0 and α + δ 6= 0, we get α 6= 0 and γ = 0. By the
first equation in (3.20) and the second equation in (3.19), we get α2 + β
2
2
+ c = 0 and
β(2α2 + β
2
2
+ c) = 0. So β = 0 and α2 + c = 0. This is the case (i) in Theorem 3.6.
Case 2)-a) δ 6= 0 and β = 0. By (3.21), then γ = 0. By the first equation in (3.20), we
have α2 + δ2 + c = 0. This is the case (ii) in Theorem 3.6.
Case 2)-b) δ 6= 0 and β 6= 0. By (3.21), then γ = 2β or γ = −β.
Case 2)-b)-i) δ 6= 0 and β 6= 0 and γ = 2β. By αγ − βδ = 0, then δ = 2α. By the first
equation in (3.20) and the second equation in (3.19), we get
(3.22) β(α2 +
γ2
2
−
1
2
βγ) +
1
2
δ(β − γ)(α− δ) = 0.
By γ = 2β and δ = 2α and (3.22), we get β(2α2 + β2) = 0, then α = β = 0. This is a
contradiction. So in this case we have no solutions.
Case 2)-b)-ii) δ 6= 0 and β 6= 0 and γ = −β. By αγ − βδ = 0, then δ = −α. By (3.19)
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and (3.20), we get α2 = β2 and α2 + c = 0. This is the case (iii) in Theorem 3.6.

By (2.12), (2.13) and (3.17), we get
W˜an
0

 e1e2
e3

 =

 −(α
2 + β
2
2
+ δ2 + 3
2
βγ) 0 0
0 −[1
2
β(β − γ) + α2] γα
2
+ δ(β−γ)
4
0 −[γα
2
+ δ(β−γ)
4
] γ
2
−β2
2



 e1e2
e3

 .
(3.23)
If (G6, g, J) is the second kind algebraic Wanas soliton associated to the connection ∇
0,
then W˜an
0
= cId +D, so

De1 = −(α
2 + β
2
2
+ δ2 + 3
2
βγ + c)e1,
De2 = −[
1
2
β(β − γ) + α2 + c]e2 + [
γα
2
+ δ(β−γ)
4
]e3,
De3 = −[
γα
2
+ δ(β−γ)
4
]e2 + (
γ2−β2
2
− c)e3.
(3.24)
By (2.16) and (3.24), we get

α(α2 + β
2
2
+ δ2 + 3
2
βγ + c)− (β + γ)[γα
2
+ δ(β−γ)
4
] = 0,
β(2α2 + β
2
2
+ γ
2
2
+ δ2 + βγ + c) + (α− δ)[γα
2
+ δ(β−γ)
4
] = 0,
γ(β
2
2
− γ
2
2
+ δ2 + 2βγ + c) + (α− δ)[γα
2
+ δ(β−γ)
4
] = 0,
δ(α2 + β
2
2
+ δ2 + 3
2
βγ + c) + (β + γ)[γα
2
+ δ(β−γ)
4
] = 0.
(3.25)
Solving (3.25) and similar to Theorem 3.6, we have
Theorem 3.7. (G6, g, J) is the second kind algebraic Wanas soliton associated to the
connection ∇0 if and only if
(i)α 6= 0. β = γ = δ = 0, α2 + c = 0. In particular,
D

 e1e2
e3

 =

 0 0 00 0 0
0 0 α2



 e1e2
e3

 .
(ii)β = γ = 0, α2 + δ2 + c = 0, δ 6= 0, α+ δ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 δ2 0
0 0 α2 + δ2



 e1e2
e3

 .
(iii) β 6= 0, δ 6= 0, γ = −β, δ = −α, α2 = β2, α2 + c = 0. In particular,
D

 e1e2
e3

 =

 0 0 00 −α2 −αβ
0 αβ α2



 e1e2
e3

 .
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3.3 Algebraic Wanas solitons of G7
By (2.7) in [1], we have for G7, there exists a pseudo-orthonormal basis {e1, e2, e3} with
e3 timelike such that the Lie algebra of G7 satisfies
(3.26)
[e1, e2] = −αe1−βe2−βe3, [e1, e3] = αe1+βe2+βe3, [e2, e3] = γe1+δe2+δe3, , α+δ 6= 0, αγ = 0.
By Lemma 3.20 in [6], we have
Lemma 3.8. The canonical connection ∇0 of (G7, J) is given by
∇0e1e1 = αe2, ∇
0
e1
e2 = −αe1, ∇
0
e1
e3 = 0,(3.27)
∇0e2e1 = βe2, ∇
0
e2
e2 = −βe1, ∇
0
e2
e3 = 0,
∇0e3e1 = −(β −
γ
2
)e2, ∇
0
e3
e2 = (β −
γ
2
)e1, ∇
0
e3
e3 = 0.
By (2.8) and Lemma 3.8, we have
T 0(e1, e2) = βe3, T
0(e1, e3) = −αe1 −
γ
2
e2 − βe3, T
0(e2, e3) = −(β +
γ
2
)e1 − δe2 − δe3.
(3.28)
By (2.9) and (3.28), we have
Lemma 3.9. The tensor A0 of the canonical connection ∇0 of (G7, J) is given by
A0(e1, e2)e1 = αβe1 +
βγ
2
e2 + β
2e3, A
0(e1, e2)e2 = β(β +
γ
2
)e1 + βδe2 + βδe3,(3.29)
A0(e1, e2)e3 = 0, A
0(e1, e3)e1 = −αβe1 −
βγ
2
e2 + (
βγ
2
− β2)e3,
A0(e1, e3)e2 = −β(β +
γ
2
)e1 − βδe2 − (αβ + βδ)e3,
A0(e1, e3)e3 = (α
2 +
βγ
2
+
γ2
4
)e1 + (
αγ
2
+
γδ
2
)e2 + (αβ +
γδ
2
)e3,
A0(e2, e3)e1 = −αδe1 −
γδ
2
e2,
A0(e2, e3)e2 = −δ(β +
γ
2
)e1 − δ
2e2 − (δ
2 + β2 +
βγ
2
)e3,
A0(e2, e3)e3 = (α+ δ)(β +
γ
2
)e1 + (
βγ
2
+
γ2
4
+ δ2)e2 + (δ
2 + β2 +
βγ
2
)e3.
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By Lemma 3.9, (2.11) and (2.12), we have
A
0

 e1e2
e3

 =

 β2 − βγ αβ αβ + γδ2αβ δ2 + 2β2 + βγ β2 + βγ
2
+ δ2
−(αβ + γδ
2
) −(β2 + βγ
2
+ δ2) −(α2 + βγ + γ
2
2
+ δ2)



 e1e2
e3

 .
(3.30)
By (3.31) in [6], we have
Ric0

 e1e2
e3

 =

 −(α2 + βγ2 ) 0 00 −(α2 + βγ
2
) 0
−(γα + δγ
2
) α2 + βγ
2
0



 e1e2
e3

 .(3.31)
By (2.14), we have
Wan0

 e1e2
e3

 =

 −(α2 − βγ2 + β2) −αβ −(αβ + γδ2 )−αβ −(α2 + 2β2 + δ2 + 3
2
βγ) −(β2 + βγ
2
+ δ2)
αβ − γα α2 + β2 + δ2 + βγ α2 + βγ + γ
2
2
+ δ2



 e1e2
e3

 .
(3.32)
If (G7, g, J) is the first kind algebraic Wanas soliton associated to the connection ∇
0, then
Wan0 = cId +D, so

De1 = −(α
2 − βγ
2
+ β2 + c)e1 − αβe2 − (αβ +
γδ
2
)e3,
De2 = −αβe1 − (α
2 + 2β2 + δ2 + 3
2
βγ + c)e2 − (β
2 + βγ
2
+ δ2)e3,
De3 = (αβ − γα)e1 + (α
2 + β2 + δ2 + βγ)e2 + (α
2 + βγ + γ
2
2
+ δ2 − c)e3.
(3.33)
Then we have
Theorem 3.10. (G7, g, J) is the first kind algebraic Wanas soliton associated to the
connection ∇0 if and only if α = γ = 0, β2 + c = 0, δ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 −(β2 + δ2) −(β2 + δ2)
0 β2 + δ2 β2 + δ2



 e1e2
e3

 .
Proof. By (2.16) and (3.33), we get

α(α2 + β2 + βγ + c) + γ
2δ
2
= 0,
β(α2 + β2 + c+ δα) + γδ
2
2
= 0,
β(3α2 + β2 + βγ + γ
2
2
+ c) + (δ − α)(αβ + γδ
2
) = 0,
α(−β2 + γ
2
2
− c) = 0,
β(β2 − βγ − γ
2
2
+ c + αδ) = 0,
β(α2 + β2 + αδ + c)− αγδ
2
= 0
γ(−β2 + γ
2
2
− βγ − c+ αδ) = 0,
δ(β2 − γ
2
2
+ c) = 0,
δ(α2 + β2 − γ
2
2
+ βγ + c) = 0.
(3.34)
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Case 1) α = 0. By the first equation in (3.34) and α+ δ 6= 0, we get δ 6= 0 and γ = 0. By
(3.34), we get β2 + c = 0.
Case 2) α 6= 0. By αγ = 0, then γ = 0. By the eighth equation and the ninth equation in
(3.34), we get δ = 0. By the first equation in (3.34), we have α2+β2+ c = 0. By the third
equation in (3.34), we have β(2α2 + β2 + c) = 0. So β = 0 and α2 + c = 0. By the fourth
equation in (3.34), we have β2+ c = 0, then c = 0 and α = 0. This is a contradiction. 
By (2.12), (2.13) and (3.32), we get W˜an
0

 e1e2
e3

 =

 −(α2 − βγ2 + β2) −αβ −(αβ + γδ4 − γα2 )−αβ −(α2 + 2β2 + δ2 + 3
2
βγ) −(α
2
2
+ β2 + 3βγ
4
+ δ2)
αβ + γδ
4
− γα
2
α2
2
+ β2 + 3βγ
4
+ δ2 α2 + βγ + γ
2
2
+ δ2



 e1e2
e3

 .
(3.35)
If (G7, g, J) is the second kind algebraic Wanas soliton associated to the connection ∇
0,
then W˜an
0
= cId +D, so


De1 = −(α
2 − βγ
2
+ β2 + c)e1 − αβe2 − (αβ +
γδ
4
− γα
2
)e3,
De2 = −αβe1 − (α
2 + 2β2 + δ2 + 3
2
βγ + c)e2 − (
α2
2
+ β2 + 3βγ
4
+ δ2)e3,
De3 = (αβ +
γδ
4
− γα
2
)e1 + (
α2
2
+ β2 + 3βγ
4
+ δ2)e2 + (α
2 + βγ + γ
2
2
+ δ2 − c)e3.
(3.36)
By (2.16) and (3.36), we get

α(α
2
2
+ β2 + 7
4
βγ + c) + (β + γ)(γδ
4
− γα
2
) = 0,
β(β2 − βγ
2
+ c) + δ(αβ + γδ
4
− γα
2
) = 0,
β(2α2 + β2 + βγ
2
+ γ
2
2
+ c) + (δ − α)(αβ + γδ
4
− γα
2
) = 0,
α(α
2
2
− β2 + γ
2
2
− βγ
4
− c)− βγδ
4
= 0
β(α2 − β2 + γ
2
2
+ 3
2
βγ − αδ − c) = 0,
β(βγ
2
+ β2 + αδ + c) + α(γα
2
− γδ
4
) = 0,
γ(α
2
2
− β2 + γ
2
2
− δ
2
4
+ 3
4
αδ − βγ − c) = 0,
δ(α
2
2
− β2 + γ
2
2
+ βγ
2
− c) + αβγ
2
= 0,
α(−α
2
2
− β2 − 3
4
βγ − c) + αβγ + (γ + β)(γδ
4
− γα
2
) = 0.
(3.37)
Solving (3.37) and similar to Theorem 3.10, Then
Theorem 3.11. (G7, g, J) is the second kind algebraic Wanas soliton associated to the
connection ∇0 if and only if α = γ = 0, β2 + c = 0, δ 6= 0. In particular,
D

 e1e2
e3

 =

 0 0 00 −(β2 + δ2) −(β2 + δ2)
0 β2 + δ2 β2 + δ2



 e1e2
e3

 .
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